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Abstract--In this paper, we present a method for the numerical solution of random Love's integral 
equation. The technique involves a Chebyshev series approximation, the coefficients of which are the 
solutions of a system of random linear equations. The statistical properties of the random solution are 
evaluated numerically and used to determine the distribution of the random coefficients. We express these 
distributions in histograms. 
1. INTRODUCTION 
In recent years, there has been a great deal of interest in the numerical solutions of integral 
equations of Cauchy type, Kirkwood-Riseman type, etc. which have considerable application in 
mathematical physics and engineering. For instance, Cauchy singular integral equations which are 
closely related to Fredholm-type equations, arise in aerodynamics, hydrodynamics, polymer 
physics, elasticity and fracture mechanics. In view of the wide applicability of integral equations, 
it is necessary to develop numerical techniques to study the characteristics of the random version 
of these integral equations. 
For literature related to the numerical solutions of singular integral equations of the deterministic 
type, we refer to Erdogan et al. [1], Golberg [2] and Theocaris [3]. We also refer to Bharucha-Reid 
[4] for a survey of different analytical methods for the solution of random integral equations. More 
recently Christensen and Bharucha-Reid [5] developed numerical solution procedures for Fredholm 
equations with random kernels, In a series of papers Sanbandham et aL [6--8] have developed 
numerical procedures for the solution of random integral equations. 
The equation that we are interested in this paper is: 
f__ a 
f (x ,  09) = g(x, 09) + 2 1 a 2 + (x -- y)2 f (y ,  co) dy, 2 = +__ l/it, - 1 ~< x <~ 1, (l) 
which is a random version of Love's equation (6). The applications of Love's equation in applied 
physics is well-known. Here g(x, to) is defined on [ -  1, 1] x f~ and the parameter tois an element 
of a given probability space (f~, ~d, ~). We use Chebyshev polynomials for the numerical study 
of equation (1). We use the iterative method proposed by Piessens and Branders [9]. 
We have organized our paper as follows. In Section 2, we present a short discussion of the 
iterative procedure and approximate solution of equation (1). Section 3 contains the numerical 
results and discussion. In Table 1, we present the mean of random coefficients of Chebyshev series 
and the distribution of the coefficients are illustrated in Figs 1-10. 
2. NUMERICAL  ANALYS IS  OF  LOVE 'S  INTEGRAL EQUATION 
Piessens and Branders [9] used Chebyshev polynomials for the numerical solution of Love's 
equation. We modify his method to study the random version of Love's equation. We assume that 
the solution of equation (1) is of the form: 
c~ 
f (x ,  to) = w(x)  ~ Ck(to)Tk(x), (2) 
k=O 
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where Tk (x) is the Chebyshev polynomial of the first kind and of degree k. Here the weight function 
w(x) has to be chosen so that the Chebyshev series expansion in equation (2) converges rapidly. 
For numerical computations the series has to be truncated after a finite number of terms. Hence 
the approximate solution of equation (1) can be represented by 
f.(x, o~) = w(x) ~ c,(o~)T,(x) + E.(x, o~), 
k=O 
(3) 
where E,(x, co) is the remainder. Since Tk(x) are known functions, the problem is to determine the 
Chebyshev coefficients, ck, k = 0, 1, 2 . . . . .  n. Ck are solutions of the system of linear algebraic 
equations resulting from the substitutions of equation (3) in equation (1). For further discussion 
we assume that f (x ,  to) is even and the general case can be solved in the same way. Therefore 
equation (3) can be rewritten as: 
[n]2] 
f .(x, co)= ~ cz~(oo)r2k(x), (4) 
k=O 
where [n/2] means that integral part of n/2 and we assume w(x) = 1. From equations (4) and (1) 
we obtain: 
[n/21 
f (x ,  w) = ~. cz~(wl[r2k(x ) + 2Iz~(x)], (5/ 
k~O 
where 
f l a 
lk(X) = a2 Tk(y) dy, (6) 
z + (x  - y ) '  
where we assume E, (w, w) = 0 with probability one. Using the properties of Chebyshev polynomials 
one can derive the recurrence relation for lk(x), Ix I < 1, as 
4a 
Ik+2(x) -- 4xIk+,(x) + (2 + 4a 2 + 4x2)Ik(x), --4XIk_ t(X) + Ik_2(X) = ~ [1 + (-- l)k], 
1 - -x  l+x  
Io(x) = tan -I - -  + tan-'  - -  
a a 
a (1 "JI- X) 2 "~ a 2 
IL(x) = xIo(x) + ~ In (1 + x) ~ + a s' 
12(x) = 4xll(x) - (2a ~ + 2x 2 + l)lo(x) + 4a 
13(x) = --(4a 2 - 12x 2 + 3)Ii(x) -- 8x(a 2 + x2) Io (x )  "1" 16ax. (7) 
Since the kernel of Love's integral equation is symmetric and infinitely differentiable, 
the solution of equation (1) can be represented by a rapidly converging Chebyshev series of 
form (4). 
3. RESULTS AND DISCUSSION 
In dealing with random equations the main objectives are (i) to determine the statistical 
properties of solution of the random equation; (ii) to establish the relationship between the 
expected solution of the random equation and the solution of the deterministic equation 
(or the mean equation), etc. Here equation (4) gives the nth approximate solution of equation (1), 
in which we are interested in the statistical properties c~, k = 0, 1, 2 . . . . .  [n/2]. In equation (1) 
we take 2 = +1/~ and g(x,~o) is a random function. We consider five different cases, 
namely, 
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Example 3.1 
(a) g(x, to)oN(l, .01), 
(b) g(x, to)EN(1, .01), 
,~ = l /n  
2 = - -  1 /T t .  
Example 3.2 
(a) g(x, to)eN(1,0.25), 
(b) g(x, to)EN(1, 0.25), 
;~ = 1/n 
2 = - 1/n. 
Example 3.3 
(a) g(x, to)EN(1, 0.5), 
(b) g(x, to)EN(l, 0.5), 
2 = 1/n 
2 = - 1/~. 
Example 3.4 
(a) g(x, to)~;N(1, x2), 
(b) g(x, to)£N(1, x2), 
2 = 1In 
;~ = - 1 /n .  
Example 3.5 
(a) g(x, to)EN(1, x4), 
(b) g(x, to)~N(1, x4), 
2 = 1/Tt 
;t = - l/n. 
In Examples 3.1-3.5, N(m, a 2) is a normal distribution with mean m and variance a 2. By an 
application of equations (5)-(7) we can get ca and from equation (4) we obtain f,(x, co). 
The iteration method in Section 2 is used to solve equation (1). The random function in Examples 
3.1-3.5 are generated using IMSL subroutine GGNML and suitably transformed to the required 
properties. We solve the system of equations using the subroutines LUDATF and LUREFF. We 
assumed N = 20 and all the calculations are based on 100 simulations. 
We present he distributions of C:k in Figs 1-10 and in Table 1 we include the mean of C2k 
in each example. Other statistical properties of C2k and f (x ,  to) can be obtained in a similar 
way. 
The foregoing analysis demonstrates a simple and useful procedure for the solution of Love's 
equation with random forcing term. Table 1 illustrates the behavior of C2k and the Figs 1-10 show 
the distribution of ca. The figures show that most of the C2k are near zero, which implies the 
convergence property of c~, as k increases. 
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Table 1. Average of cz~ 
k (a) (b) k (a) (b) 
Example 3. I Example 3.4 
0 1.3903565508 3.4851097521 0 1.2454123695 3.1797930657 
I 0.0485002500 - 0.1374673371 1 - 0.0192644692 - 0.1983637083 
2 - 0.0010288859 0.0048703319 2 0.0397319822 0.0469037473 
3 -0.0002285660 0.0003694345 3 0.0464116858 0.0467709071 
4 0.0000196271 -0.0000428859 4 0.0789490490 0.0789018081 
5 0.0000009689 - 0.0000025932 5 0.0855512617 0.0855485960 
6 - 0.00000002338 0.0000004877 6 0.0845986656 0.0845993315 
7 0.0000000017 - 0.0000000061 7 0.0640066073 0.0640065247 
8 0.0000000023 - 0.0000000048 8 0.0402806986 0.0402806617 
9 - 0.0000000002 0.0000000004 9 0.0172049519 0.0172049385 
Example 3.2 Example 3,5 
0 1.2903933545 3.2345389829 0 1.2719254976 3.2867035439 
1 0.0450132020 - 0.1275837756 1 - 0.0388766151 - 0.2236537007 
2 - 0.0009549116 0.0045201671 2 - 0.00165174 t 7 0.0054095059 
3 - 0.0002121327 0.0003428731 3 - 0.0001484105 0,0002771442 
4 0.0000182159 - 0.0000398025 4 0.0000164552 - 0.000038409 I 
5 0.0000008992 -0.0000014787 5 0.0000005869 - 0.0000011911 
6 - 0.0000002170 0.0000004526 6 - 0.0000001831 0.0000004259 
7 0.0000000016 - 0.0000000056 7 0.0000000025 - 0.0000000066 
8 0.0000000022 - 0.0000000045 8 O.O000000018 - 0.0000000042 
9 - 0.0000000002 0.0000000004 9 - 0.0000000001 0.0000000004 
Example 3.3 
0 1.2386624004 3.1048686099 
1 0.0432086547 - 0.1224690326 
2 - 0.0009166298 0.0043389568 
3 - 0.0002036284 0.0003291275 
4 0,0000174857 -0.0000382068 
5 0,0000008632 - 0.0000014194 
6 - 0.0000002083 0.0000004345 
7 0,0000000015 -0.0000000054 
8 0.0000000021 - 0.0000000043 
9 -0.0000000002 0.0000000004 
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